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Clebsch–Gordan problem for the three-dimensional Lorentz
group in the elliptic basis: II. Tensor products involving
discrete series

G A Kerimov† and Y A Verdiyev†
International Centre for Physics and Applied Mathematics, Trakya University, PO Box 126,
Edirne, Turkey

Received 22 June 1998

Abstract. Following the approach of Kerimov and Verdiyev (1998J. Phys. A: Math. Gen.31
3573) the Clebsch–Gordan (CG) coefficients in aSO(2) basis for tensor products involving discrete
series representations ofSO0(2, 1) are calculated. A completeness relation for CG coefficients for
all the cases under consideration is derived.

1. Introduction

In a previous paper [1], referred to hereafter as I, we suggested a new approach to the
Clebsch–Gordan (CG) problem for the unitary representations of the semi-simple Lie group.
In this approach, the CG coefficients are defined as the matrix element of an intertwining
operator between a tensor product representation and an irreducible component occurring in
the reduction. In that paper, we discussed the problem of decomposing the tensor product of
two irreducible representations ofG = SO0(2, 1) in a SO(2) basis in the cases where the
two representations both belong to the principal series, or if both belong to the complementary
series, or if one of them belongs to each of these classes. The object of this paper is to extend
this study to all of the remaining cases of the tensor product. (The notation of I will be followed
here.)

In this series of papers, we show that the CG coefficients for all cases of the tensor
product of unitary irreducible representations (UIRs) ofG in a SO(2) basis are expressible
in terms of a single function; namely in terms of the bilateral series3H3(1) with the unit
argument defined in the complex spaceC3 of the variablej1, j2, j . This case is due to the
facts that [2] (a) the intertwining operator, which displays the decomposition of the tensor
product of two principal series representations, also exists for the tensor product of elementary
representations (but it need no longer be a unitary operator); (b) the complementary series
(discrete series) occur as unitarizations of elementary representations (as unitarizations of the
quotient of such representations). The function3H3(1) is singular on a subset of discrete points
ofC3, corresponding to the casesT +

l1
⊗T +

l2
andT −l1 ⊗T −l2 (see, section 4). In general, the3H3(1)

function can be expressed in terms of two generalized hypergeometric functions3F2 with unit
argument; however, it reduces to the single3F2(1) function when at least one of the coupling
UIRs belongs to a discrete series.

† On leave of absence from: The Institute of Physics, Academy of Sciences, Baku, Azerbaijan.
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The contents of this paper are arranged as follows. In section 2 the decomposition of the
tensor product of a discrete series representation with a representation of principal series is
described. In section 3 we discuss the tensor product of complementary series representation
with a representation of discrete series. The tensor products of discrete series representations
are studied in section 4.

2. Tensor products of discrete series and principal series representations

In this section we shall discuss the tensor productsT ±l1 ⊗ Tiρ2−1/2 of the discrete series
representationsT ±l1 , l1 = 0, 1, 2, . . .with representation of the principal seriesTiρ2−1/2, ρ2 > 0.

Let C∞(S1 × S1) be a space of infinitely differentiable functionsf (s, t) on S1 × S1.
Define an operatorAl1, l1 = 0, 1, 2, . . . onC∞(S1× S1) by

(Al1f )(s, t) =
2l1√
π

lim
j1→l1

0(j1 + 1)

0
(
− 2j1+1

2

) ∫
S1
|[s1, s]|−j1−1f (s1, t)ds1 (2.1)

and letH0 be a quotient space ofC∞(S1 × S1) with respect to the kernel ofAl1 (i.e.
H0 = C∞(S1 × S1)/ kerAl1). LetHl1,iρ2−1/2 be Hilbert space completion ofH0 with respect
to the scalar product induced by the sesquilinear functional

(f1, f2) = 2l1√
π

lim
j1→l1

0(j1 + 1)

0
(
− 2j1+1

2

) ∫
S1×S1×S1

|[s1, s]|−j1−1f1(s1, t)f2(s2, t)ds1 ds2 dt (2.2)

wheref1, f2 ∈ C∞(S1 × S1). (Actually, the spaceHl1,iρ2−1/2 does not change withρ2 but
we retain these labels to remind us of the representation being constructed.) Then the space
Hl1,iρ2−1/2 can be made to carry a representationVl1,iρ2−1/2 ≡ (T +

l1
⊕ T −l1 ) ⊗ Tiρ2−1/2 (l1 > 0

integer) of theG in the following way. LetTj1 ⊗ Tj2(j1, j2 ∈ C) be the representation ofG
onC∞(S1× S1), withG-action defined in (I.3.3):

(Tj1 ⊗ Tj2(g)f )(s, t) = (sg)j1
3 (tg)

j2
3 f (sg, tg) g ∈ G (2.3)

wheresg = (sg)/(sg)3 andtg = (tg)/(tg)3. Then the representationVl1,iρ2−1/2 occurs as a
unitarization of a representation onH0 defined byTj1 ⊗ Tj2, j1 = l1, j2 = iρ2 − 1

2. Now let
H +

0 andH−0 be the subspaces ofH0 consisting of the elements whose representative is the
functionsf ∈ C∞(S1× S1) of the form

f (s, t) =
∞∑

m1=l+1

∞∑
m2=−∞

am1m2 exp(im1ϕ1 + im2ϕ2) (2.4)

and

f (s, t) =
−l−1∑
m1=−∞

∞∑
m2=−∞

am1m2 exp(im1ϕ1 + im2ϕ2) (2.5)

respectively, where

s = (cosϕ1, sinϕ1, 1) t = (cosϕ2, sinϕ2, 1). (2.6)

LetH±l1,iρ2−1/2 be the subspace ofHl1,iρ2−1/2 generated byH±0 . The subspacesH±l1,iρ2−1/2 are
invariant underVl1,iρ2−1/2. Denote byV ±l1,iρ2−1/2 the subrepresentations ofVl1,iρ2−1/2 defined
onH±l1,iρ2−1/2. Then the representationsV ±l1,iρ2−1/2 are unitarily equivalent toT ±l1 ⊗ Tiρ2−1/2.
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Now consider the sesquilinear functional(81,82)l1,iρ2−1/2 onK(X)

(81,82) =
∫
X

81(x)Bl1,iρ2−1/2(Uiρ2−l1−1/2(αx)82) dx (2.7)

where81,82 ∈ K(X) andBl1,iρ2−1/2 is the generalized function onX:

Bl1,iρ2−1/2(8) = 2l1√
π

lim
j1→l1

0(j1 + 1)

0
(
− 2j1+1

2

) ∫ ∞
−∞
(q2 + 1)

2j1+2iρ2+1
4 |q|−2j1−28(1, q, q)dq (2.8)

where8 ∈ K(X). Let F0 be a quotient space ofK(X) with respect to the kernel of the
sesquilinear functional (2.7). LetFl1,iρ2−1/2 be the Hilbert space completion ofF0 with respect
to the scalar product induced by the sesquilinear functional (2.7). Then the representation
Vl1,iρ2−1/2 is unitarily equivalent to a unitary representation ofG acting in the spaceFl1,iρ2−1/2,
which is obtained by extension ofUiρ2−l1−1/2. (In what follows, for the sake of simplicity, we
shall denote the corresponding extension of a representation by the same symbol.) The mapping
exhibiting this equivalence is induced byPl1,iρ2−1/2 (see equation (I.3.5)). LetF±l1,iρ2−1/2

be the image ofH±l1,iρ2−1/2 under the mapping and letU±iρ2−l1−1/2 be subrepresentations of
Uiρ2−l1−1/2 defined onH±l1,iρ2−1/2. Then the representationsV ±l1,iρ2−1/2 andU±iρ2−l1−1/2 are
unitarily equivalent. According to this, the problem of decomposing the tensor products
T ±l1 ⊗ Tiρ2−1/2 is reduced to that of decomposingU±iρ2−l1−1/2. Moreover, the intertwining
mapping given by (I.3.7) induced a unitary operator fromF±l1,iρ2−1/2 into a direct integral of
the carrier spaces in which the irreducible representations are realized (for details see [2, 3]).

For f ∈ H±l1,iρ2−1/2, the following linear combination of the Fourier components of the
elementf

1
2

∑
ε=0,1/2

[1 + (−1)l1+2εe∓i(j2+j)]γ−1(j2 − l1, j, ε)Cjεl1j2
f (2.9)

is zero (i.e.Cjεl1j2
, ε = 0, 1

2 are linearly dependent), wherej2 = iρ2 − 1
2, j = iρ − 1

2 and

C
jε

j1j2
f are defined in (I.3.10). Consequently, every one of the principal series representation

Tiρ−1/2 appears in the tensor productT ±l1 ⊗ Tiρ2−1/2 once. On the other hand the expression
(2.9) atj = l, l = 0, 1, 2, . . . is nothing butC∓ll1,iρ2−1/2 (see equation (I.3.15)). Therefore,
there is no negative discrete seriesT −l in the decomposition of the tensor productT +

l1
⊗Tiρ2−1/2

and no positive discrete seriesT +
l for T −l1 ⊗ Tiρ2−1/2. Thus, the structure of the CG series for

T ±l1 ⊗ Tiρ2−1/2 has the form

T ±l1 ⊗ Tiρ2−1/2 =
∫ ∞

0
Tiρ2−1/2 dρ ⊗

∞∑
l=0

T ±l . (2.10)

There are two types of CG coefficients to be calculated for each case; namely
C

iρ−1/2
l1+,iρ2−1/2(m;m1, m2), C

l+
l1+,iρ2−1/2(m;m1, m2) for T +

l1
⊗Tiρ2−1/2 andC iρ−1/2,ε

l1−,iρ2−1/2(m;m1, m2),

Cl−l1−,iρ2−1/2(m;m1, m2) for T −l1 ⊗Tiρ2−1/2, whereε = 0, 1
2 enumerates two (linearly dependent)

CG coefficients, corresponding to a representation of the principal series. Following the
approach of a previous paper we obtain the integral representations for these CG coefficients;
the steps are identical to those leading to equation (3.23) of paper I, and the results are

C
iρ−1/2,ε
l1±,iρ2−1/2(m;m1, m2) = 1

(2π)3/2

[
0(−l1±m1)0(1/2− iρ2 +m2)0(1/2 + iρ +m)

0(1 + l1±m1)0(1/2 + iρ2 +m2)0(1/2− iρ +m)

]1/2

×
∫
S1×S1×S1

Kε(l1s, iρ2 − 1
2, t; iρ − 1

2, u)
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× exp(im1ϕ1 + im2ϕ2 − imϕ) dϕ1 dϕ2 dϕ (2.11)

Cl±l1±,iρ2−1/2(m;m1, m2) = 1

(2π)3/2

[
0(−l1±m1)0(1/2− iρ2 +m2)0(1 + l ±m)
0(1 + l1±m1)0(1/2 + iρ2 +m2)0(−l ±m)

]1/2

×
∫
S1×S1×S1

K±(l1s, iρ2 − 1
2, t; lu) exp(im1ϕ1 + im2ϕ2 − imϕ) dϕ1 dϕ2 dϕ

(2.12)

where parameterε in (2.11) may be any number from{0, 1
2}; Kε(j1s, j2t; ju) and

K±(j1s, j2t; lu) are defined by equations (I.3.11) and (I.3.16):

Kε(j1s, j2t; ju) = 2−1− j1+j2
2 +j

∣∣∣∣sin
ϕ1− ϕ

2

∣∣∣∣−2a1

sign2ε sin
ϕ1− ϕ

2

∣∣∣∣sin
ϕ − ϕ2

2

∣∣∣∣−2a2

×sign2ε sin
ϕ − ϕ2

2

∣∣∣∣sin
ϕ1− ϕ2

2

∣∣∣∣−2a

sign2ε sin
ϕ1− ϕ2

2
(2.13)

K±(j1s, j2t; lu) = 1

2

1/2∑
ε=0

[1 + (−1)l+2εe±iπz]Kε(j1s, j2t; lu) (2.14)

wheres = (cosϕ1, sinϕ1, 1), t = (cosϕ2, sinϕ2, 1), u = (cosϕ, sinϕ, 1) and

−2a = −2− j1− j2 − j − 2a1 = z + j − 2a2 = −z + j z = j2 − j1.

(2.15)

Furthermore, we have the following completeness relation for CG coefficients:

∞∑
m=−∞

∫ ∞
0
ω+(iρ − 1

2, ε)C
iρ−1/2,ε
l1+,iρ2−1/2(m;m1, m2)C

iρ−1/2,ε
l1+,iρ2−1/2(m;m′1, m′2) dρ

+
∞∑
l=0

ω+
l

∞∑
m=l+1

Cl+l1+,iρ2−1/2(m;m1, m2)C
l+
l1+,iρ2−1/2(m;m′1, m′2) = δm1m

′
1
δm2m

′
2

(2.16)
∞∑

m=−∞

∫ ∞
0
ω−(iρ − 1

2, ε)C
iρ−1/2,ε
l1−,iρ2−1/2(m;m1, m2)C

iρ−1/2,ε
l1−,iρ2−1/2(m;m′1, m′2) dρ

+
∞∑
l=0

ω+
l

−l−1∑
m=−∞

Cl−l1−,iρ2−1/2(m;m1, m2)C
l−
l1−,iρ2−1/2(m;m′1, m′2) = δm1m

′
1
δm2m

′
2

(2.17)

where

ω±(iρ − 1
2, ε) = 2−l1−3/2π−1ρthπρ

×{(e±(ρ+ρ2)π − (−1)2ε+l1)|0(−l1 + iρ + iρ2)|2|γ (iρ2 − l1− 1
2, iρ − 1

2, ε)|2}−1

ω±l = 2−l1−l−9/2π−3/2(2l + 1)0(l + 1)e±ρ2π {|0(l − l1 + iρ2 + 1
2)|2 cosh2 ρ2π}−1.

After a straightforward computation (using the function (I.3.36) as an analytic expression
in ji ) we obtain the CG coefficients in the form

C
iρ−1/2,ε
l1+,iρ2−1/2(m;m1, m2) = δm,m1+m2e

iπ(m2−ε)2(2l1+2iρ2+3)/4(2π)3/2γ (iρ2 − l1− 1
2, iρ − 1

2, ε)

×
[
0(α234)0(α012)0(α123)

0(α134)0(α125)0(α124)

]1/2
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×sinπ(α014/2 + ε)0(α235)0(α013)0(α023)

sinπβ540(α034)0(α234)
Fp(4) (2.18)

Cl+l1+,iρ2−1/2(m;m1, m2) = δm,m1+m2e
−iπα014/22(2l1+2iρ2+3)/4(2π)3/2

×
[
0(α234)0(α012)0(α123)

0(α134)0(α125)0(α124)

]1/2

(−1)l1+m+10(α235)0(α013)0(α023)

0(α034)0(α234)
Fp(4)

(2.19)

C
iρ−1/2,ε
l1−,iρ2−1/2(m;m1, m2) = δm,m1+m2e

iπ(m−ε)2(2l1+2iρ2+3)/4(2π)3/2γ (iρ2 − l1− 1
2, iρ − 1

2, ε)

×
[
0(α025)0(α012)0(α123)

0(α015)0(α125)0(α124)

]1/2

×sinπ(α135/2 + ε)0(α013)0(α024)0(α023)

sinπβ540(α035)0(α025)
Fp(5)

(2.20)

Cl−l1−,iρ2−1/2(m;m1, m2) = δm,m1+m2e
−iπα245/22(2l1+2iρ2+3)/4(2π)3/2

×
[
0(α025)0(α012)0(α035)

0(α015)0(α125)0(α045)

]1/2

(−1)l+m2
0(α013)0(α024)0(α023)

0(α035)0(α025)
Fp(5).

(2.21)

By using the two-term relations between the Whipple functions [4] one can find large
numbers of other expressions for the CG coefficients.

3. Tensor product of complementary series and discrete series representations

We now describe the reduction of the tensor productTτ1 ⊗ T ±l2 of the complementary series
representationTτ1,−1 < τ1 < − 1

2, with representationT ±l2 , l2 = 0, 1, 2, . . . of the discrete
series. The approach is analogous to that of section 2; we viewTτ1 ⊗ T ±l2 as the unitarization
of a quotient of a tensor product of elementary representations.

Define an operatorA onC∞(S1× S1) by

(Aτ1,l2f )(s, t) =
2τ1+l2

π
lim
j2→l2

0(τ1 + 1)0(j2 + 1)

0
(− 2τ1+1

2

)
0
(
− 2j2+1

2

)
×
∫
S1×S1

|[s1, s]|−τ1−1|[t1, t ]|−j2−1f (s1, t1) ds1 dt1. (3.1)

LetHτ1,l2 be the Hilbert space completion ofC∞(S1×S1)/ kerAτ1,l2 with respect to the scalar
product induced by the form

(f1, f2) = 2τ1+l2

π
lim
j2→l2

0(τ1 + 1)0(j2 + 1)

0
(− 2τ1+1

2

)
0
(
− 2j2+1

2

) ∫
S1×S1×S1×S1

|[s1, s2]|−τ1−1|[t1, t2]|−j2−1

×f (s1, t1)f (s2, t2) ds1 ds2 dt1 dt2 f1, f2 ∈ C∞(S1× S1).

Then the tensor productTτ1⊗(T +
l2
⊗T −l2 ) can be realized on the Hilbert spaceHτ1,l2. At j1 = τ1

andj2 = l2 formula (2.3) gives the representation operator. InHτ1,j2 there are two invariant
subspacesH±τ1,l2

consisting of elements whose representatives are

f (s, t) =
∞∑

m1=−∞

∞∑
m2=l2+1

αm1m2 exp(im1ϕ1 + im2ϕ2) (3.2)
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and

f (s, t) =
∞∑

m1=−∞

−l2−1∑
m1=−∞

αm1m2 exp(im1ϕ1 + im2ϕ2) (3.3)

respectively, wheref ∈ C∞(S1×S1). The subspacesH±τ1,j2
carry the tensor productsTτ1⊗T ±l2 .

Now, the following linear combination
1
2

∑
ε=0,1/2

[1 + (−1)l2+2εe±i(τ1+j)]γ−1(l2 − τ1, j, ε)C
jε

τ1l2
f (3.4)

is zero onH±τ1,l2
, wherej = iρ − 1

2. (Observe, (3.4) atj = l, l = 0, 1, 2, . . . coincides with
the expression ofC∓τ1l2

f (see equation (I.3.15)).) Consequently, inTτ1 ⊗ T +
l2

[Tτ1 ⊗ T −l2 ] there
is exactly one copy of each principal series representationTiρ−1/2 and there is no negative
(positive) discrete series representationsT −l [T +

l ]. Thus, the structure of the CG series for
Tτ1 ⊗ T ±l2 have the form

Tτ1 ⊗ T ±l2 =
∫ ∞

0
Tiρ−1/2 dρ ⊕

∞∑
l=0

T ±l . (3.5)

We have two types of CG coefficients to compute for each case; namely
C

iρ−1/2,ε
τ1,l2+ (m;m1, m2), Cl+τ1,l2+(m;m1, m2) for Tτ1 ⊗ T +

l2
and C

iρ−1/2,ε
τ1,j2− (m;m1, m2),

Cl−τ1,l2−(m;m1, m2) for Tτ1 ⊗ T −l2 . One can easily derive the following integral representa-
tions for these CG coefficients:

C
iρ−1/2,ε
τ1,l2± (m;m1, m2) = 1

(2π)3/2

[
0(−τ1 +m1)0(l2 ±m2)0(1/2 + iρ +m)

0(1 + τ1 +m1)0(1 + l2 ±m2)0(1/2− iρ +m)

]
×
∫
S1×S1×S1

Kε(τ1s, l2t; iρ − 1
2, u)exp(im1ϕ1 + im2ϕ2 − imϕ) dϕ1 dϕ2 dϕ

(3.6)

Cl±τ1,l2±(m;m1, m2) = 1

(2π)3/2

[
0(−τ1 +m1)0(−l2 ±m2)0(1 + l ±m)
0(1 + τ1 +m1)0(1 + l2 ±m2)0(−l ±m)

]1/2

×
∫
S1×S1×S1

K±(τ1s, l2t; lu) exp(im1ϕ1 + im2ϕ2 − imϕ) dϕ1 dϕ2 dϕ (3.7)

whereKε andK± are defined by (2.13) and (2.14).
The following completeness relations for CG coefficients hold:

∞∑
m=−∞

∫ ∞
0
ω+(iρ − 1

2, ε)C
iρ−1/2,ε
τ1,l2+ (m;m1, m2)C

iρ−1/2,ε
τ1,l2+ (m;m′1, m′2) dρ

+
∞∑
l=0

ωl

∞∑
m=l+1

Cl+τ1,l2+(m;m1, m2)C
l+
τ1,l2+(m;m′1, m′2) = δm1m

′
1
δm2m

′
2

(3.8)

∞∑
m=−∞

∫ ∞
0
ω−(iρ − 1

2, ε)C
iρ−1/2,ε
τ1,l2− (m;m1, m2)C

iρ−1/2,ε
τ1,l2− (m;m′1, m′2) dρ

+
∞∑
l=0

ωl

−l−1∑
m=−∞

Cl−τ1,l2−(m;m1, m2)C
l−
τ1,l2−(m;m′1, m′2) = δm1m

′
1
δm2m

′
2

(3.9)

where

ω±(iρ − 1
2, ε) = 2−τ1−l2−3π−3ρthπρ

cosh2 πρ ∓ sin2 πτ1

coshπρ ± (−1)2ε+l2 sinπτ1
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×
∣∣∣∣ 0(τ1 + l2 − iρ + 3/2)

γ (l2 − τ1, iρ − 1/2, ε)

∣∣∣∣2
ωl = 2−τ1−l2−l−5π−3/2 (2l + 1)0(τ1 + 1)0(l2 + 1)0(l + τ1 + l2 + 2)

sin2 πτ10(l − τ1− l2)0(l + 1 +τ1− l2)0(l + 1− τ1 + l2)
.

The integrals can again be expressed in terms of the3F2 function of unit argument. Hence
we obtain for the CG coefficients

C
iρ−1/2,ε
τ1,l2+ (m;m1, m2) = δm,m1+m2e

iπ(m−ε)2(τ1+l2+2)/2(2π)3/2γ (l2 − τ1, iρ − 1
2, ε)

×
[
0(α234)0(α012)0(α123)

0(α134)0(α125)0(α124)

]1/2

×sinπ(α135/2 + ε)0(α235)0(α124)0(α125)

sinπβ410(α012)0(α025)
Fp(0) (3.10)

Cl+τ1,l2+(m;m1, m2) = δm,m1+m2e
−iπα014/22(τ1+l2+2)/2(2π)3/2

[
0(α234)0(α012)0(α123)

0(α134)0(α125)0(α124)

]1/2

×(−1)l+m1
0(α235)0(α124)0(α125)

0(α012)0(α025)
Fp(0) (3.11)

C
iρ−1/2,ε
τ1,l2− (m;m1, m2) = δm,m1+m2e

iπ(m1−ε)2(τ1+l2+2)/2(2π)3/2γ (l2 − τ1, iρ − 1
2, ε)

×
[
0(α234)0(α034)0(α123)

0(α134)0(α345)0(α124)

]1/2

×sinπ(α245/2 + ε)0(α235)0(α134)0(α345)

sinπβ140(α034)0(α035)
Fp(0) (3.12)

Cl−τ1,l2−(m;m1, m2) = δm,m1+m2e
−iπα245/22(τ1+l2+2)/2(2π)3/2

[
0(α234)0(α034)0(α035)

0(α134)0(α345)0(α045)

]1/2

×(−1)l2+m0(α235)0(α134)0(α345)

0(α034)0(α035)
Fp(0). (3.13)

In deriving these equations we have used the following two-term relations:

Fp(1) = 0(α124)0(α125)0(α123)

0(α024)0(α025)0(α023)
Fp(0) when α345= 1 + l2 −m2 6 0 integer

and

Fp(4) = 0(α134)0(α234)0(α345)

0(α013)0(α023)0(α035)
Fp(0) when α125= 1 + l2 +m2 6 0 integer.

4. Tensor products of discrete series representations

We start with the tensor productVl1,l2 = (T +
l1
⊕ T −l1 ) ⊗ (T +

l2
⊕ T −l2 ). This tensor product is

realized on the Hilbert spaceHl1,l2 obtained by completing ofC∞(S1 × S1)/ kerAl1,l2 with
respect to the scalar product induced by the form

(f1, f2) = 2l1+l2

π
lim

j1→l1,j2→l2
0(j1 + 1)0(j2 + 1)

0
(
− 2j1+1

2

)
0
(
− 2j2+1

2

) ∫
S1×S1×S1×S1

|[s1, s2]|−j1−1|[t1, t2]|−j2−1

×f (s1, t1)f (s2, t2) ds1 ds2 dt1 dt2 f1, f2 ∈ C∞(S × S)
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where an operatorAl1,l2 is defined by

(Al1,l2f )(s, t) =
2l1+l2

π
lim

j1→l1,j2→l2
0(j1 + 1)0(j2 + 1)

0
(
− 2j1+1

2

)
0
(
− 2j2+1

2

)
×
∫
S1×S1

|[s1, s]|−j1−1|[t1, t ]|−j2−1f (s1, t1) ds1 dt1.

TheG-action onHl1,l2 is given by (2.3), where nowj1 = l1 andj2 = l2. LetH ++
l1,l2

,H−−l1,l2,H
+−
l1,l2

andH−+
l1,l2

be subspaces ofHl1,l2 consisting of elements with representativef ∈ C∞(S1× S1)

whose Fourier coefficientsαm1m2 in the Fourier series

f (s, t) =
∞∑
m1m2

αm1m2 exp(im1ϕ1 + im2ϕ2) (4.1)

are zero for{m1, m2 ∈ Z:m1 6 l1, m2 6 l2}, {m1, m2 ∈ Z:m1 > −l1, m2 > −l2},
{m1, m2 ∈ Z:m1 6 l1, m2 > −l2} and {m1, m2 ∈ Z:m1 > −l1, m2 6 l2} respectively.
The subspacesH ++

l1,l2
,H−−l1,l2,H

+−
l1,l2

andH−+
l1,l2

are invariant under the action of the representation
Vl1,l2. The tensor productsT ±l1 ⊗ T ±l2 andT ±l1 ⊗ T ∓l2 are obtained by restrictionVl1,l2 to the
subspacesH±±l1,l2 andH±∓l1,l2, respectively. It can be shown [2, 3] that the structure of CG series
have the form

T ±l1 ⊗ T ±l2 =
∞∑

l=l1+l2+1

⊕T ±l (4.2)

T ±l1 ⊗ T ∓l2 =
∫ ∞

0
Tiρ2−1/2 dρ ⊕

l2−l1−1∑
l=0

T ∓l . (4.3)

In the last equation it is understood thatl2 > l1 and there are no discrete seriesT ∓l if l2 = l1.
First we dispose of the case of two discrete series representations, both with ‘+’ sign or

both with ‘−’ sign. In this case the following relation holds:

Cl±l1±,l2±(T
±
l1
⊗ T ±l2 )(g) = T ±l (g)Cl±l1±,l2± (4.4)

where the intertwining operatorsCl+l1+,l2+ andCl−l1−,l2− are defined by

(Cl±l1±,l2±f )(u) =
∫
K̃±(l1s, l2t; lu)f (s, t)ds dt (4.5)

where

K̃±(l1s, l2t; lu) = ∂

∂z

∣∣∣∣
z=l2−l1

K±(j1s, j2t; lu) (4.6)

forK±, see (2.14). This then gives the integral representations for CG coefficients of the tensor
productsT ±l1 ⊗ T ±l2 . As a result:

Cl+l1+,l2+(m;m1, m2) = 1/(2π)3/2
[
0(−l1 +m1)0(−l2 +m2)0(1 + l +m)

0(1 + l1 +m1)0(1 + l2 +m2)0(−l +m)

]1/2

×
∫
S1×S1×S1

K̃+(l1s, l2t; lu)f (s, t)ds dt du (4.7)

Cl−l1−,l2−(m;m1, m2) = 1/(2π)3/2
[
0(−l1−m1)0(−l2 −m2)0(1 + l −m)
0(1 + l1−m1)0(1 + l2 −m2)0(−l −m)

]1/2

×
∫
S1×S1×S1

K̃−(l1s, l2t; lu)f (s, t)ds dt du. (4.8)
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Moreover, from equation (9.8) of [2], one can obtain the following completeness relations
for CG coefficients:
∞∑

l=l1+l2+1

∞∑
m=l+1

ωlC
l+
l1+,l2+(m;m1, m2)C

l+
l1+,l2+(m;m′1, m′2) = δm1m

′
1
δm2m

′
2

(4.9)

∞∑
l=l1+l2+1

−l−1∑
m=−∞

ωlC
l−
l1−,l2−(m;m1, m2)C

l−
l1−,l2−(m;m′1, m′2) = δm1m

′
1
δm2m

′
2

(4.10)

where

ωl = 2−l1−l2−l−5(2l + 1)
l!(l + l1 + l2 + 1)!

(l − l1− l2 − 1)!(l + l1− l2)!(l − l1 + l2)!
.

Thus, we can calculate the CG coefficients in a straightforward manner from its integral
representation.

First we calculate the CG coefficients for tensor productT +
l1
⊗T +

l2
. It is easy to see that, the

integral appearing in (4.7) is obtained by differentiating the integral in (3.24.I), with respect to
z and then puttingz = l2 − l1. Hence, we can use the expression (3.39.I) to calculate the CG
coefficients under consideration. Instead of using equation (3.39.I) directly, it is convenient to
change it using the relation (see, equation (B.10) of I)

Fp(1) = 0(α012)0(α125)0(α123)

0(α024)0(α245)0(α234)
Fp(4) when α035= 1 + l −m 6 0 integer.

(4.11)

It now follows from (3.39.I) that the integrals on the right-hand side of (3.24.I) have the value

δm,m1+m2e
iπ(m1+α245/2)2

2+j1+j2
2 (2π)3

0(α235)0(α023)0(α125)

0(α245)0(α234)
Fp(4) (4.12)

which implies (in table 1 thez dependencies are made explicit)

Cl+l1+l2+(m;m1, m2) = δm,m1+m2e
iπ(m1−α245/2)2

2+l1+l2
2 (2π)3/2

[
0(α234)0(α012)0(α123)

0(α134)0(α125)0(α124)

]1/2

×0(α235)0(α023)0(α125)0(α013)

0(α234)
Fp(4). (4.13)

In arriving at this result we have used the facts

1

0(α245)

∣∣∣∣
z=l2−l1

= 0 (4.14)

and

∂

∂z

1

0(α245)

∣∣∣∣
z=l2−l1

= (−1)α013−10(α013) (4.15)

provided thatl = l1 + l2 + 1, l1 + l2 + 2, . . .. The last equality is essentially the consequence of

lim
z→−n

ψ(z)

0(z)
= (−1)n+1n! n = 0, 1, 2, . . . (4.16)

which is easily proved by making use of equations (1.17.11) and (1.17.12) from [5]. Here
ψ(z) = 0′(z)/0(z) is the logarithmic derivative of the gamma function.
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Table 1. Showingα, β.

α012= m2 − (j1 + j2 + z)/2 α034= −m2 − (j1 + j2 + z)/2 α135= 2 + j1 + j2 + j
α013= 1− z + j α035= 1 + j −m α145= 1 + j1 + j2 − j
α014= −z− j α045= −j −m α234= m1 + (j1 + j2 − z)/2
α015= 1−m1 + (j1 + j2 − z)/2 α123= 1 + j +m α235= 1 + z + j
α023= −j1 − j2 + j α124= −j +m α245= z− j
α024= −1− j1 − j2 − j α125= 1 +m2 + (j1 + j2 + z)/2 α345= 1−m1 + (j1 + j2 + z)/2
α025= −m1 − (j1 + j2 − z)/2 α134= 1 +m1 + (j1 + j2 − z)/2

β01 = −j1 − j2 −m β15 = 1− z +m
β02 = 1− z−m β23 = −j +m + (j1 + j2 − z)/2
β03 = −j −m1 − (j1 + j2 + z)/2 β24 = 1 + j +m2 − (j1 + j2 − z)/2
β04 = 1− j −m1 − (j1 + j2 + z)/2 β25 = −j1 − j2 +m
β05 = −j1 − j2 − z β34 = 2 + 2j
β12 = 2 + j1 + j2 − z β35 = 1 + j +m1 − (j1 + j2 + z)/2
β13 = 1− j +m2 + (j1 + j2 − z)/2 β45 = −j +m1 − (j1 + j2 + z)/2
β14 = 2 + j +m2 + (j1 + j2 − z)/2

In a similar fashion the CG coefficients for the caseDl̄1
⊗Dl̄2

turn

Cl−l1−l2−(m;m1, m2) = δm,m1+m2(2π)
3/2eiπ(m1+1−α014/2)2

2+l1+l2
2

[
0(α025)0(α034)0(α035)

0(α015)0(α345)0(α045)

]1/2

×0(α013)0(α023)0(α015)0(α235)

0(α034)
Fp(4). (4.17)

Turning now to the final caseT ±l1 ⊗ T ∓l2 , there are four types of CG coefficients

to be calculated; namelyC iρ−1/2,ε
l1+,l2− (m;m1, m2), C

l−
l1+,l2−(m;m1, m2) for T +

l1
⊗ T −l2 and

C
iρ−1/2
l1−,l2+ (m;m1, m2), Cl+l1−,l2+(m;m1, m2) for T −l1 ⊗ T +

l2
, whereε enumerates two (linearly

dependent) CG coefficients corresponding toT ±l1 ⊗ T ∓l2 → Tiρ−1/2 (recall that, each UIRs
Tiρ−1/2 occurs once inT ±l1 ⊗ T ∓l2 ). The results of section 9 of [2] lead immediately to the
following integral representations for these CG coefficients:

C
iρ−1/2,ε
l1±,l2∓ (m;m1, m2) = 1

(2π)3/2

[
0(−l1±m1)0(−l2 ∓m2)0(1/2 + iρ +m)

0(1 + l1±m1)0(1 + l2 ∓m2)0(1/2− iρ +m)

]1/2

×
∫
S1×S1×S1

Kε(l1s, l2t; iρ − 1
2, u)exp(im1ϕ1 + im2ϕ2 − imϕ) dϕ1 dϕ2 dϕ

(4.18)

Cl∓l1±,l2∓(m;m1, m2) = 1

(2π)3/2

[
0(−l1±m1)0(−l2 ∓m2)0(1 + l ∓m)
0(1 + l1±m1)0(1 + l2 ∓m2)0(l ∓m)

]1/2

×
∫
S1×S1×S1

K∓(l1s, l2t; lu) exp(im1ϕ1 + im2ϕ2 − imϕ) dϕ1 dϕ2 dϕ. (4.19)

Hence, we obtain for the CG coefficients

C
iρ−1/2,ε
l1+,l2− (m;m1, m2) = δm,m1+m2e

iπ(m1−ε)2
2+l1+l2

2 (2π)3/2γ (l2 − l1, iρ − 1
2, ε)

×
[
0(α234)0(α034)0(α123)

0(α134)0(α345)0(α124)

]1/2 sinπ(α245 + ε)0(α235)0(α134)0(α345)

sinπβ140(α034)0(α035)
Fp(0)

(4.20)

C
iρ−1/2
l1−,l2+ (m;m1, m2) = δm,m1+m2e

iπ(m−ε)2
2+l1+l2

2 (2π)3/2γ (l2 − l1, iρ − 1
2, ε)
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×
[
0(α025)0(α012)0(α123)

0(α015)0(α125)0(α124)

]1/2

×sinπ(α135/2 + ε)0(α235)0(α124)0(α125)

sinπβ410(α012)0(α025)
Fp(0) (4.21)

Cl−l1+,l2−(m;m1, m2) = δm,m1+m2e
−iπα245/22

2+l1+l2
2 (2π)3/2

[
0(α234)0(α034)0(α035)

0(α134)0(α345)0(α045)

]1/2

×(−1)l2+m0(α235)0(α134)0(α345)

0(α034)0(α035)
Fp(0) (4.22)

and

Cl+l1−,l2+(m;m1, m2) = δm,m1+m2e
−iπα014/22

2+l1+l2
2 (2π)3/2

[
0(α025)0(α012)0(α123)

0(α015)0(α125)0(α124)

]1/2

×(−1)l+m1
0(α235)0(α124)0(α125)

0(α012)0(α025)
Fp(0). (4.23)

We conclude this section by writing the completeness relations for these CG coefficients:

∞∑
m=−∞

∫ ∞
0
ω(iρ − 1

2, ε)C
iρ−1/2,ε
l1+,l2− (m;m1, m2)C

iρ−1/2,ε
l1+,l2− (m;m′1, m′2) dρ

+
l2−l1−1∑
l=0

ωl

−l−1∑
m=−∞

Cl−l1+,l2−(m;m1, m2)C
l−
l1+,l2−(m;m′1, m′2)

= δm1m
′
1
δm2m

′
2

(4.24)
∞∑

m=−∞

∫ ∞
0
ω(iρ − 1

2, ε)C
iρ−1/2,ε
l1−,l2+ (m;m1, m2)C

iρ−1/2,ε
l1−,l2+ (m;m′1, m′2) dρ

+
l2−l1−1∑
l=0

ωl

∞∑
m=l+1

Cl+l1−,l2+(m;m1, m2)C
l+
l1−,l2+(m;m′1, m′2)

= δm1m
′
1
δm2m

′
2

(4.25)

where

ω(iρ − 1
2, ε) = 2−l1−l2−5π−3(l1!l2!)−1 sinhπρ|0(l1 + l2 + iρ + 3

2)|2γ (l2 − l1, iρ − 1
2, ε)

ωl = 2−l1−l2−l−5π−7/2(2l + 1)
l!(l1 + l2 − l)!(l2 − l1− l − 1)!(l + l1 + l2 + 1)!

(l − l1 + l2)!
.
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